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The language of mathematics attracted recently considerable attention of philosophers (e. g. Dutilh Novaes 2012, Macbeth 2014), historians of mathematics (Netz 1999, Serfati 2005, Hoyrup 2010), and researchers in mathematics education (Lakoff & Nunez 2000, Sfard 2008, Kvasz 2014). There exist a considerable number of different approaches, each of which studies one particular aspect of the language of mathematics that is relevant in the particular context. Nevertheless, what is lacking is a theoretical framework that would make it possible to integrate these different approaches to the study of the language of mathematics and use their potential for a deeper theoretical foundation of mathematics education. The aim of the presentation will be to argue for the need and to outline the possible structure of such an integrative theoretical framework for the study of the language of mathematics. The author is convinced that such an integrative initiative can arise from the philosophy of mathematics that is historically grounded and educationally motivated.


THE LANGUAGE OF MATHEMATICS IN A HISTORICAL PERSPECTIVE

A casual look at mathematical texts of the past indicates that the language of mathematics has undergone substantive changes. Many notions changed their meanings—Euclid’s straight lines were finite, our straight lines stretch to infinity; Euler considered a function continuous if it was given by a single formula, we understand continuity in a radically different way. New notions emerge—Descartes introduced the general notion of a curve; Leibniz the notion of a function; Galois the notion of a group; Cantor the notion of an infinite cardinal number. These are some conspicuous changes that occurred at the very ‘surface’ of the language of mathematics. If a teacher wants her students to understand her, she must be aware of such differences between her linguistic usage and that of her students.

The evolution of language involves, however, also some deeper changes. During its development the language of mathematics led to reification of its entire layers (Sfard & Linchevski 1994). In algebra during the 15th century the reification of the algebraic operations and root extraction led to the creation of the first layer of algebraic objects—powers, roots (and other similar ones like fractions); just like the reification of the transformations of equations led during the 17th century to the introduction of a new layer of algebraic objects—polynomials (and later other similar ones like bilinear forms, matrices); and the reification of the symmetries of equations and their roots led during the 19th century to the reification of an even more abstract layer of algebraic objects—groups (and other analogous structures like fields or rings). Thus the majority of objects studied in algebra appeared in the process of reification of operations, transformations, or symmetries. A parallel development in geometry led to the reification of space during the Renaissance (which led to the understanding of geometrical objects as situated in space); then to the reification of transformations (in projective geometry); and later to the reification of the infinitely remote points (in the form of the absolute). Thus language makes it possible to turn different procedures and operations, into independent objects. The reifications (there were many of them) are much deeper and much more complex changes of language than the introduction or change of meaning of particular notions. A teacher must have a good understanding of the different layers of reification in order to help her students if some (epistemological) obstacles occur.

But even reification is not the end of the story. As fractal geometry shows, language can create an entirely new universe of forms where without this language we were unable to see any comprehensible patterns (see Peitgen & Richter 1986; Peitgen, Jürgens, & Saupe 1992). The discovery of fractal geometry is only an example, nevertheless, an important one, because it makes it possible to step in the shoes of mathematicians, who witnessed the creation of analytic geometry in the 17th century, or of the calculus in the 18th. There in a similar way as in fractal geometry, where mathematicians previously were able to discern only half a dozen of curves (such as the cissoid of Diocles or the conchoid of Nicomedes), or a small number of functions (like logarithm or sinus) an entirely new universe of curves or functions emerged. Thus we see, that language is able not only turn particular procedures into new objects and thus to complement the existing universe of objects by some new ones (as in the process of reification), but it is able to create universes of entirely new kinds of objects. The creation of the universe of curves by means of analytic geometry, or of functions by means of the infinitesimal calculus, are just two examples illustrating the point. Fractal geometry is important because it emerged relatively recently and so we have a feeling for the radical character of the change it has introduced. In the case of analytic geometry or the calculus we are situated on the other side of the break and so we simply cannot imagine a world, where there were no analytic curves or functions. Nevertheless, most of our pupils and students live in such a world and we have to open the new universes for them.

Nevertheless, even this explosive power of language to create entirely new universes is not the end of the story. The language of mathematics is able to introduce the notion of proof and thus to mediate the contact with the absolute, the feeling that we can know something with absolute certainty, the feeling that besides of doxai there is the epistémé. One of the great themes of the philosophy of mathematics of the last century was the criticism of the absolutistic view of mathematics starting with Pierce (Dörfler 2005) through Wittgenstein (Diamond 1975) and Lakatos (Lakatos 1976) to social constructivism (see Ernest 1998 for further references). But such criticism should not hinder us in recognizing, that the invention of proof was a major step in cultural evolution of mankind. The exact details of this invention are still debated, but the central role of linguistic tools in this invention is obvious (see Netz 1999). Mathematics is simply that part of human knowledge, where proving is the way of establishing objective validity of propositions and where the quest for certainty is an important constituent of its practice. In teaching mathematics we must convey understanding of the meaning of a proof (Hanna, Jahnke, & Pulte Eds. 2010).

It seems that a theory of language that we need in mathematics education should integrate at least these four levels—it should be able to describe and explain changes on all of them. Thus among others it should be able to describe the different ways how new concepts are being introduced and how older concepts change their meaning; further it should to describe the different layers of the process of reification as well as the mechanism of creating the entirely new universes of objects; and finally to describe how proof and deductive rigor are introduced. But even more important is that this theory of language should be able to describe the various interactions among these layers, thus for instance to describe the relations between the processes of linguistic change. To create at least a first sketch of such a theory was the aim of the book Patterns of Change, Linguistic Innovations in the Development of Classical Mathematics (Kvasz 2008a). To do this, we have to turn from a historical reconstruction of the different patterns of change of the language of mathematics to its epistemological analysis.

THE LANGUAGE OF MATHEMATICS IN AN EPISTEMOLOGICAL PERSPECTIVE

The link that has the potential to connect the theory of the historical evolution of the language of mathematics (containing as an important part a theory of linguistic change) with the theory of mathematics education (containing as an important ingredient a theory of cognitive change) is epistemology. To start with the historical reconstruction of the development of the language of mathematics before turning to its epistemological analysis is crucial. We must first separate the different historical layers of linguistic change and only then are we prepared for their philosophical analysis. Without such a separation we could easily make a mistake similar to that made by Piaget and Garcia in (Piaget & Garcia 1989), who in describing the development of geometry constructed an evolutionary line leading from Euclid (the so called intra-figurative stage), through Descartes (inter-figurative stage), to Felix Klein’s Erlanger Program (trans-figurative stage). But in reality there existed no such line of development. The line starting with Euclid and Descartes, having its first two stages in synthetic geometry (Euclid) and analytic geometry (Descartes) led further to fractal geometry and it is the line of creating entirely new universes described in the previous paragraph (see also Kvasz 2008a, pp. 14–84). This developmental line has an entirely different dynamics than the one leading to Klein (containing as stages preceding Klein’s the creation of projective geometry by Desargues; the discovery of the non-Euclidean geometries by Gauss, Bolyai and Lobachevski; and the introduction of the concept of a model by Beltrami—see Kvasz 2008a, pp. 111–160). Therefore I consider the reconstruction of the evolution of geometry by Piaget and Garcia, and first of all, their thesis that the ontogenesis recapitulates “the historical development in reversed order” (Piaget & Garcia 1989, p. 113) as mistaken. If true, this thesis would have enormous consequences for mathematics education. But fortunately it is not true (for details see Kvasz 2008a, pp. 249-251). This example illustrates the necessity to precede the epistemological reconstruction of the language of mathematics by a historical one. We have already sketched a historical reconstruction in the previous part of the paper, so we are ready to turn to the epistemological analysis of the different layers of the language of mathematics.

Just like the historical reconstruction of the development of the language of mathematics has to take into account the different levels, at which linguistic change occurs, in the epistemological reconstruction of a particular one of these levels we have to distinguish between several methods of epistemological reconstruction. The first of them is the intentional reconstruction. Mathematics is a human activity, therefore to understand the development of mathematics (and of its language) at a particular level requires first of all understanding the intentions, the motivations, and the aims of the particular actors. This is partially an exercise in psychology of mathematics, but not entirely, because these intentions have often a public, social form of a problem (like Fermat’s problem), or a program (like Klein’s Erlanger Program). This means that several mathematicians can identify with the same intention, work on the solution of the same problem, or cooperate on the same program. In this way the subjective dimension of mathematics gets connected with the social one.

The next method of reconstruction of the development of the language of mathematics is the reconstruction of the linguistic innovations and deficiencies of the particular contributions. It turns out, that mathematicians in the process of solving a problem or working on a program introduce some linguistic innovations, like Descartes introduced the coordinate system in order to solve Pappus’ problem, or Fermat introduced derivation in order to derive the law of refraction. We can speak about innovations and deficiencies, and not solely about changes, because the common intention enables us to compare the different solutions of the problem. We can judge one change as innovative compared to another, if it helps better to fulfill the original intention. Similarly a particular aspect of the language can be judged as a deficiency, and not solely a characteristic feature of it, when it hindered the progress towards the fulfillment of the intention. The reconstruction of linguistic innovations and deficiencies is important, because it enables us to see some objective features of the particular contributions proposed by individual mathematicians and by means of these innovations we can often explain, why a particular solution was more successful than another one and we can also understand the way how a program developed or degenerated.


Of course what we are interested in are not isolated linguistic innovations but rather the formation of a new linguistic framework (like that, which characterizes the reification of polynomial algebra or that, by means of which analytic geometry generates its curves). Therefore we must turn from the analysis of the particular innovations to the reconstruction of the process of the merging of separate linguistic innovations into a single linguistic framework. Language is social and not private; therefore the different linguistic innovations introduced by individual mathematicians must undergo the process of social negotiation. As the historian Michael Crowe mentioned “Multiple independent discoveries of mathematical concepts are the rule, not the exception” (Crowe 1975, p. 164). So every linguistic framework is created by merging of several innovations stemming from many different authors. So for instance the linguistic framework of elementary algebra emerged from combining the linguistic innovations of several mathematicians, such as Regiomontanus (*1436, who introduced a symbol R for roots turning thus the process of root extraction into an object), Nicolas Chuquet (*1445, who introduced arithmetical symbolism for powers and a first idea of brackets—by underlining the expression that should be in brackets), Johannes Widmann (*1462, who introduced the symbols + and – for the operations of addition and subtraction), Michael Stifel (*1487, who replaced the symbol R introduced by Regiomontanus by the symbol , what allowed him to insert a further symbol into the symbol of a root extraction), François Viète (*1540, who introduced letters for coefficients of equations), and finally Descartes (*1594, who integrated all these innovations into a comprehensive system of algebraic symbolism, that we still use today). We see a process of creation of a linguistic framework lasting for more than 150 years. The algebraic symbolism we use today contains several innovations stemming from at least 6 different mathematicians (for details see Kvasz 2008b). This process is of great importance for mathematics education, because it makes it possible to trace the roots of the problems our students encounter by learning algebraic symbolism to the particular linguistic innovations and their integration into the linguistic framework of algebra.

After a linguistic framework is created the evolution of language does not stop. On the contrary, we can witness a process of evolution of the entire framework. This evolution has, nevertheless a very interesting form, which I suggest to call bipolarity. If we take the evolution of geometry, along the line synthetic geometry, analytic geometry, and fractal geometry, we discover that these developmental stages of our linguistic tools for the representation of geometric forms were separated by developmental stages of the tools of symbolic representation. Thus synthetic and analytic geometry were separated by the birth of algebra and similarly analytic and fractal geometry were separated by the creation of the infinitesimal calculus. And it was not a mere historical coincidence. In the process of creation of analytic geometry Descartes made a substantial use of algebraic symbolism—the particular algebraic curves that he introduced were all defined by means of their algebraic equations. And similarly in the definition of the objects of fractal geometry the limit transition, which was actually introduced in the infinitesimal calculus, is used in a fundamental way. So we see that the evolution of the linguistic framework has a bipolar character. The new developmental stage in the development of the iconic language of geometry is reached by means of an intermediate symbolic stage and vice versa. The reconstruction of the bipolar process of the evolution of language is, after the methods of reconstruction of the intentional structure, of the linguistic innovations, and of the process of their merging, the fourth method of epistemological reconstruction of the mathematical language. Bipolarity is important from the educational point of view, because understanding of mathematics requires the ability to connect these poles, i.e. the ability to find a geometric interpretation of some aspect of a symbolic formula or to express in symbolic form a particular aspect of a geometrical figure.

The bipolar evolution of the language of mathematics can be can be studied from the perspective of particular aspects of language, such as logical power—how complex formulas the language allows us to prove; expressive power—what new terms, predicates and relations can the language express, which were inexpressible in the previous stages; explanatory power—how the language can explain the failures which occurred in the previous stages; integrative power —what sort of unity and order the language enables us to conceive there, where we perceived just unrelated particular cases in the previous stages; logical boundaries—that are marked by occurrences of unexpected paradoxical expressions; and expressive boundaries—that are marked by failures of the language to describe some complex situations. These six aspects are objective characteristics of language and I suggest calling them potentialities of language. As a fifth method of epistemological reconstruction of the language of mathematics we can therefore introduce the reconstruction of the potentialities of the language of mathematics. The evolution of the language of mathematics consists in the growth of its logical and expressive power—the later stages of development of the language make it possible to prove more theorems and to describe a wider range of phenomena. The explanatory and the integrative power of the language also gradually increases—the later stages of development of the language enable deeper understanding of its methods and offer a more unified view of its subject. To overcome the logical and expressive boundaries, more and more sophisticated and subtle techniques are developed. It is important to realize that the above mentioned potentialities of language are objective in the sense that it is an objective feature of the language of synthetic geometry, that by its means a trisection of a general angle cannot be achieved (as was proven by Pierre Wantzel in 1837), just like it is an objective feature of the language of algebra that Euler’s number e cannot e expressed (as was proven by Charles Hermite in 1873).

After we have identified the potentialities of language the question arises how are they constituted. As they are aspects of language, there has to exist a particular structure of language, the change of which causes the increase of its logical power. These structures of language cannot be connected to a particular subject matter. They must be formal, to allow the increase of the corresponding potentialities. I suggest calling them formal aspects of the language of mathematics. Their reconstruction is the sixth and so far final method of epistemological reconstruction of the language of mathematics—the reconstruction of the formal aspects of the language of mathematics. In the case of reifications we can introduce the following formal aspects: the epistemic subject of the language from the point of view of which the theory is formulated; the horizon of the language i.e. the boundary of the world that can be represented by the theory; the individua of the language i.e. the elementary constituents, that the language is able to distinguish; the fundamental categories of the language; the ideal objects of the language i.e. objects that are introduced in order to make the universe of discourse complete; and the background of the language i.e. a neutral medium, onto which all the individual are situated.

 I mentioned these six methods of epistemological reconstruction of the language of mathematics in order to indicate the complexity of the epistemological problems we (and our students as well) are facing when we are dealing with linguistic change. In teaching and learning of mathematics all these layers are implicitly present—intentions, linguistic innovations, linguistic frameworks, bipolarity, potentialities of language and its formal aspects. Taken together they form an analytic framework that is able to reconstruct the relation between the subjective mathematical knowledge and the objective mathematical knowledge. At the level of the intentional reconstruction we are dealing with the sphere of the subjective realm of meanings, goals, and motivations. Passing through the reconstruction of the linguistic innovations towards the reconstruction of their merging into a single linguistic framework we reach the sphere of the intersubjective realm of rules, norms, and conventions. Going further to the reconstruction of the potentialities of the language of mathematics and its formal aspects we are finally reaching the sphere of the objective knowledge. I consider this rather natural bridging of the subjective and objective knowledge an important advantage of the present approach. Nevertheless, let me now turn to an example from mathematics education, where we can clearly see the approach “in action”.

THE LANGUAGE OF MATHEMATICS IN AN EDUCATIONAL PERSPECTIVE

It seems that the invasion of concepts and methods coming from the theory of language apprehension (like the concepts of competence and literacy) into the theory of mathematics education (in the form of mathematical competence and mathematical literacy) that we witnessed more and more during the last decades (see e. g. Rychen & Salganik, eds. 2001), is due to the insufficient epistemological understanding of the differences between ordinary languages and the language of mathematics. I consider this invasion unfortunate and detrimental for the theory of mathematics education. I believe there is nothing that could be genuinely called mathematical competence and mathematical literacy. These notions do not refer to any underlying cognitive structure. They are mere metaphors likening the process of learning mathematics to language acquisition. In doing so, they are ignoring the deep epistemological differences between ordinary language acquisition and the learning of mathematics. They view the language of mathematics simply on the level of isolated concepts (the level that we characterized through the changes of meaning of particular notions – which of course takes place in ordinary language as well) and ignore the three other levels described above (which has no parallel in ordinary language). It is the role of philosophy, in this case of the philosophy of mathematics education, to offer a critical analysis of this particular discourse and uncover the concepts of mathematical competence and mathematical literacy as ‘idle metaphysical conceptions’ as the Vienna Circle would put it.

The concepts of mathematical competence and mathematical literacy are methodologically adequate, fully justified, and meaningful in the context of ordinary language acquisition. The reason why these concepts become methodologically inadequate, unjustified, and meaningless in the context of mathematics education, is epistemological. At first sight the language of mathematics is a language as any other—it uses words like ‘number’, ‘triangle’, or ‘functions’ and it combines these words into sentences like ‘the sum of two even numbers is even’. In forming and using such sentences children often make mistakes and after absolving some training they can solve standard problems. Thus it seems that the use of the notions mathematical competence and mathematical literacy is fully justified. Nevertheless, this impression disappears if we bring in some aspects of epistemological reconstruction of the language of mathematics.

The first problem occurs at the level of reifications. There are simply too many of them. Thus in order to speak about mathematical competence we would need to specify for each mathematical discipline (such as algebra, analytic geometry, or calculus) to which one of their 8 layers of reification (described in Kvasz 2008a, p. 200) we relate the notion of competence. It is obvious, that if a student reached, say the third layer of reification (in the case of algebra it is the reification of polynomials introduced by Descartes), he is not competent concerning the fifth layer (in the case of algebra the reification of number field introduced by Lagrange). And similarly if he is competent say concerning the fifth layer of reification of algebra, this does not mean, that he is competent concerning the same level say in the calculus (where it is connected with the ε – δ calculus introduced by Cauchy) or in analytic geometry (where it is connected with the study of the internal geometry of surfaces introduced by Gauss). Thus instead of one notion of mathematical competence as such we would need some 48 different notions. Thus our conclusion must be that there is no single mathematical competence—in contrast with ordinary language, where there is one single linguistic competence. The tests measuring competence are thus measuring some kind of average of the components of a vector of 48 dimensions. Most of these components are zero, but still without clarifying, how the averaging takes place, such a measurement is very doubtful.

The problem with the notion of competence at the level of the power of the language to create entirely new universes is even deeper. That we do not see this problem is due to the fact that we are used to the new universes and have lost the feeling of their novelty. But all universes of mathematics are like that of fractal geometry, i.e. artificial. While ordinary language is embedded into a more or less stable social and natural environment and we can define linguistic competence as the ability of the individual to communicate in this stale environment, there are no ‘natural’ fractals, just like there are no ‘natural’ functions and no ‘natural’ curves. There is no stable environment against which mathematical competence could be meaningfully defined. Therefore it is and always will be an act of willfulness to set some particular ability as a standard of mathematical competence. This is in total contrast with ordinary language, where a competent speaker is a very natural and real concept, which anyone can easily recognize. In mathematics on the other hand the notion of mathematical competence is unnatural and empty. So it is possible to put whatever one wishes as the characteristic features of the notion of competence. 
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